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We investigate non-perturbative pair prodution from vauum (the Shwinger
eet) in the foal region of two ounter-propagating, ultra-short laser pulses
with sub-yle struture. We use the quantum kineti formulation to alulate
the momentum spetrum of reated partiles and show the extreme sensitivity
to the laser frequeny ω, the pulse length τ and the arrier-envelope absolute
phase φ. We apply this formalism to both fermions and bosons to illustrate the
inuene of quantum statistis in this type of eletri bakground eld.
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1. Introdution
Non-perturbative eletron-positron pair prodution due to the instability of
the vauum in the presene of strong external eletri elds  the so-alled
Shwinger eet  has been a long-standing predition of quantum ele-
trodynamis (QED)
13
but has not been observed yet. This eet was rst
onsidered for spatially homogeneous and stati eletri elds. The rate is
exponentially small, with the sale set by the ritial eld strength whih
is of the order of Ecr = m
2c3/e~ ≈ 1018V/m. While the prodution of on-
stant eletri elds of this order is rather unrealisti, reent developments
in laser tehnology have raised hopes to approah the Shwinger limit in
the foal region of olliding laser pulses  either at optial high-intensity
laser failities suh as ELI or in X-ray free eletron laser (XFEL) systems.
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In this investigation we model the eletri eld produed in the foal
region of two ounter-propagating laser pulses by assuming that the sale
of spatial variation of the eletri eld is muh larger than the Compton
wavelength. Thus, we approximate the experimental situation by a spatially
homogeneous eletri eld
~E(t) = (0, 0, E(t)), represented by an osillatory
eld with a temporal Gaussian envelope:
E(t) = E0 cos(ωt+ φ) exp
(
−
t2
2τ2
)
. (1)
For this type of eletri eld there is a simple analyti expression of the time-
dependent vetor potential
~A(t) = (0, 0, A(t)) in terms of omplex error
funtions.
5
Due to the appearane of suh a variety of physial parameters 
the eld strength E0, the laser freqeny ω, the pulse length parameter τ and
the arrier-envelope absolute phase (arrier phase) φ  we are faed with a
rather ompliated interplay between various sales, whih ultimately leads
to distintive signatures in the momentum distribution of produed pairs.
4,5
2. Quantum Kineti Equation
The Shwinger eet is a non-equilibrium, time-dependent quantum pro-
ess and hene quantum kineti theory provides an appropriate framework.
The quantum kineti formulation arises as a rigorous onnetion between
kineti theory and mean-eld approximation to salar QED (sQED) and
QED.
6,7
The key quantity in this approah is the momentum distribution
funtion f±(~k, t) whih satises a non-Markovian quantum Vlasov equation
inluding a soure term for partile-antipartile pair prodution:
d
dt
f±(~k, t) =
W±(t)
2
t∫
−∞
dt′W±(t
′)
[
1± 2f±(~k, t
′)
]
cos
[
2
∫ t
t′
dt′′ ω(t′′)
]
.
(2)
Denoting bosons with (+) and fermions with (−), W±(t) are given by
W+(t) =
eE(t)p‖(t)
ω2(t)
and W−(t) =
eE(t)ǫ⊥
ω2(t)
, (3)
with e being the eletri harge. ~k = (~k⊥, k‖) is the anonial three-
momentum vetor and p‖(t) = k‖ − eA(t) is the kineti momentum along
the eletri eld diretion. ǫ2⊥ = m
2 + ~k 2⊥ is the transverse energy squared
and ω2(t) = ǫ2⊥ + p
2
‖(t) haraterizes the total energy squared. It is abso-
lutely ruial to note that f±(~k, t) has physial meaning as the distribution
funtion of real partiles only at asymptoti times t→ ±∞.
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3. Quantum Statistis Eet
We onsider the subritial eld strength regime E0 = 0.1Ecr, with
τ = 2 · 10−4 eV−1, rst onentrating on the ase of vanishing arrier phase
φ = 0. It has been shown in a previous publiation5 that the momentum
distribution funtion f−(~k, t) in QED exhibits a distintive osillatory stru-
ture for σ ≡ ωτ & 4, with the osillation sale set by the laser frequeny
ω. An analogous alulation in the framework of sQED gives a very simi-
lar result. However, due to the dierene in quantum statistis, f−(~k,∞)
shows a loal maximum at momentum values at whih f+(~k,∞) shows a
loal minimum, and vie versa, as shown in Fig. 1.
The Shwinger eet in the eletri eld (1) without arrier-phase φ has
been investigated previously in the framework of a WKB approximation,
together with a Gaussian approximation for the momentum distribution:
8
d3P
dk3
∼ exp
(
−
1
eE0
[
1 + σ2
σ2
γ2 k2‖ +
~k2⊥
])
, (4)
with γ ≡ mω/eE0 being the Keldysh parameter. In fat, this approxima-
tion is too rude in several aspets: First, it does not see the distintive
osillatory struture found in the exat (numerial) treatment; seond, the
Gaussian shape is somewhat broader than the true distribution funtion. In
order to explain this disrepany, we apply the quantum mehanial WKB
instanton method,
9
for whih the momentum distribution is
d3P
dk3
∼ exp
(
−2S~k
)
with 2S~k = i
∮
Γ
√
m2 + ~k2⊥ + [k‖ − eA(t)]
2 dt , (5)
with Γ being the ontour around the branh ut. After a hange of vari-
able, from t to T = −A(t)/E0 we expand the instanton ation and obtain
an approximate solution in terms of an innite series in powers of the di-
mensionless variables ǫ = ǫ⊥/(eE0τ) and κ = k‖/(eE0τ):
2S~k =
πǫ2⊥
eE0
∞∑
i=0
S(2i) , (6)
with the rst term S(0) = 1, and the next three terms being given by
S(2) =
[
κ2 −
ǫ2
4
]
1 + σ2
2
, (7)
S(4) =
[
κ4 −
3κ2ǫ2
2
+
ǫ4
8
]
7 + 14σ2 + 9σ4
24
, (8)
S(6) =
[
κ6 −
15κ4ǫ2
4
+
15κ2ǫ4
8
−
5ǫ6
64
]
127 + 381σ2 + 463σ4 + 225σ6
720
(9)
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Fig. 1. Carrier phase φ = 0; Left: Momentum distribution funtion f−(~k,∞) for ~k⊥ =
0 (solid line) in omparison with the WKB-Gaussian approximation Eq. (4) (dashed-
dotted line) and the WKB instanton result Eq. (5) (dashed line). Right: Momentum
distribution funtions f±(~k,∞) for ~k⊥ = 0 in more detail (solid lines). At momentum
values, where QED predits a loal maximum, sQED predits a loal minimum and vie
versa. Note that the WKB instanton result Eq. (5) (dashed line) lies almost perfetly on
the intersetion points, while the WKB-Gaussian approximation (4) does not.
It is straightforward to alulate even higher order terms. But taking the
rst four terms into aount, Eq. (5) already agrees very well with the av-
eraged envelope of the exat momentum distribution. We point out that
this averaged envelope lies almost perfetly on the intersetion points be-
tween the momentum distribution of salar and spinor partiles, as shown in
Fig. 1. Note that none of the semilassial estimates predits the osillatory
struture in the momentum distribution.
Finally, onsidering a arrier phase shift φ = −π/2, there are momentum
values at whih no partiles are expeted to be produed,
5
whih is due to a
resonane phenomenon in the equivalent sattering piture.
10
We emphasize
that this behavior an be expeted for any time-antisymmetri eletri eld,
orresponding to a time-symmetri vetor potential A(t). Again, omparing
the results for salar and spinor partiles, we observe that f−(~k,∞) shows
a loal maximum at momentum values at whih f+(~k,∞) shows a loal
minimum, and vie versa, as shown in Fig. 2.
4. Summary
The momentum distribution of produed partiles is extremely sensitive to
the physial parameters of a laser pulse. The same qualitative behavior is
obtained for both salar and spinor partiles, but, due to quantum statistis,
the osillatory struture is interhanged. This new eet is omplementary
to the interhange of statistis found in the analogue-thermal distribution
properties of the QED eetive ation in eletri eld bakgrounds.
11,12
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Fig. 2. Carrier phase φ = −π/2; Left: Momentum distribution funtion f−(~k,∞) for
~k⊥ = 0. Right: Comparison of the momentum distribution funtions f−(~k,∞) (solid
line) and f+(~k,∞) (dashed line), in more detail.
Here we have onsidered two idential, olliding laser pulses. Reent
proposals onsider more ompliated situations to overome the strong sup-
pression of the Shwinger eet.
1315
Applying the quantum kineti formu-
lation, it would be possible to determine not only the total rate but also
the momentum distribution.
Aknowledgments: We aknowledge support from the DOC program of
the Austrian Aademy of Sienes and from the FWF dotoral program
DK-W1203 (FH), from the US DOE grant DE-FG02-92ER40716 (GD),
and from the DFG grant Gi328/5-1 and SFB-TR18 (HG).
Referenes
1. F. Sauter, Z. Phys. 69, 742 (1931).
2. W. Heisenberg and H. Euler, Z. Phys. 98, 714 (1935).
3. J. Shwinger, Phys. Rev. 82, 664 (1951).
4. F. Hebenstreit, R. Alkofer and H. Gies, Phys. Rev. D 78, 061701 (2008).
5. F. Hebenstreit et al., Phys. Rev. Lett. 102, 150404 (2009).
6. Y. Kluger, E. Mottola and J. M. Eisenberg, Phys. Rev. D 58, 125015 (1998).
7. S. Shmidt et al., Int. J. Mod. Phys. E 7, 709 (1998).
8. V. S. Popov, JETP Lett. 74, 133 (2001).
9. S. P. Kim and D. N. Page, Phys. Rev. D 75, 045013 (2007).
10. C. Dumlu, Phys. Rev. D 79, 065027 (2009).
11. B. Muller, W. Greiner and J. Rafelski, Phys. Lett. A 63, 181 (1977).
12. W. Y. Pauhy Hwang and S. P. Kim, Phys. Rev. D 80, 065004 (2009).
13. R. Shützhold, H. Gies and G. V. Dunne, Phys. Rev. Lett. 101, 130404 (2008).
14. A. Di Piazza et al., arXiv:0906.0726 (2009).
15. G. V. Dunne, H. Gies and R. Shützhold, arXiv:0908.0948 (2009).
